Abstract-A special class of odd-symmetric length-4N periodic signals is studied, and it is shown how the odd Ramanujan sums are used as weighting coefficients to compute their pure imaginary discrete Fourier transform (DFT) integer-valued coefficients. The odd Ramanujan sum, being the sums of complex roots of unity, can be calculated either using closed-form formulas or computed recursively through the impulse response of a derived infinite impulse response (IIR) filter. This special class of odd-symmetric signals and odd Ramanujan sums can be combined together with the previous even-symmetric special class signals and the well-known even Ramanujan sums as a useful tool for signal processing.
I. INTRODUCTION
I N 1950, Cohen investigated a special class of even-symmetric periodic signals, the so-called even arithmetical functions [1] , [2] . The discrete Fourier transform (DFT) coefficients [3] of this class of signals can be computed by forming a weighted average of the signals, using integer-valued coefficients. These integer-valued weighting coefficients are special sums of complex roots of unity, the well-known even Ramanujan sums [4] , [5] , which can be computed using closed-form formulas. Recently, a recursive method was introduced to compute the even Ramanujan sums through a derived infinite impulse response (IIR) filter [6] .
The main objective of this letter is the introduction and study of another special class of odd-symmetric periodic signals for which odd Ramanujan sums of the complex roots of unity can be efficiently combined to compute the DFT coefficients. The signals are defined based on the number of theoretic properties of the time index and the period . We show that the DFT coefficients of this class of signal can be computed by forming a weighted average using imaginary integer-valued coefficients rather than the usual imaginary real-valued trigonometric functions.
We are interested in the odd signal by noting that only the even arithmetical function is discussed in [6] . However, in fact, this kind of even function can be transformed into an odd function by simple circular shifts, under a special condition. Thus, we can use the methods like [6] efficients and employ the cyclotomic polynomials to introduce an IIR system. The motivation to study the odd signals is to enhance the method in [6] . Observing that, in [6] , the maximum possible number of distinct values that an even signal (mod ) can have is if . So if , then we can only use six distinct values. However, if we combine the even signals with the odd ones, the values we can use are expanding to eight, as we will see later. Since there is an odd part, we must deal with the imaginary integer-valued coefficients and the real one, which becomes a Gaussian integer, while in [6] , only real integer-valued coefficients are considered.
The structure of this letter is as follows. First, in Section II, we define a class of odd-symmetric periodic signals and show how the odd Ramanujan sums are used as weighting coefficients to compute their Fourier coefficients. Then we combine the odd part with the even part. Circular shift is also introduced, and we prove that our method is better than that, theoretically and practically. (1) From the above definition, it follows that is a signal is periodic with period , i.e.,
. In addition, processes odd symmetry, in other words, . The proof is in the Appendix. As an example of a signal satisfying (1), let . (Note that any nonzero signal should satisfy
.) The value of the signal in its main period may be generally represented by a sequence of numbers of the form (2) We observe that despite the limitation imposed by the definition, the signal is still rich in content and can assume distinct values in its main period. We are, thus, interested in determining 
So the DFT of is computed using a sum of the form (6) where . Using (5), we can rewrite (6) as (7) where , and then using , so
The last complex sum in (8) is another odd type of the Ramanujan sums [2] . We use the symbol to denote the value of the even Ramanujan sum and write
It can be shown that is an integer, so it will be . It is important to note that although is an even func- To inversely compute the signal values from their Fourier coefficients , we can use the same decomposition approach as (3) and note that the complex conjugate of the sum given by (9) is . More precisely, the sequence is the sum for the inverse DFT (13) It is decomposable by using , where is a positive divisor of , and therefore, (11) is simplified as (14) Our next step is to study when we put together the even signals and odd signals . Assume ; then from [6] , the values of the even signal in its main period may be represented by a sequence of numbers of this form (15-1) and from (2) (15-2) Combining (15-1) and (15-2), we can get (15-3)
As we can see, the values we can use are:
, eight distinct values in total. Compared with (15-1), which can only use six values, we find that (15-3) has 33% increase. As a matter of fact, when is big, the values, or what we called dimensions, have nearly 100% increase from that in [6] . We use an example to demonstrate that. If , then, from [6] , the dimensions are , but the odd part provides another dimensions. So overall, it has dimensions, which have increased by 100% when . Before we go to the next section, let us see another way to increase dimensions from [6] . From the circular shift property of DFT [3, (8.87 This counter example leads us to the theorem.
Theorem: dimensions of even-odd method dimensions of circular shift method.
Proof: From (16), we know that if , and mod 4, then and will "build up" different values while using the circular shift method and, thus, increase the dimensions.
However, from (1), we found that using even-odd method, the condition becomes and So the circular method is just a special case of the even-odd method, with , which implies that the even-odd method might have more pairs (in other words, dimensions of even-odd method dimensions of circular shift method). The proof is complete.
In practice, one may find that it is easier to decompose the original signal into the even-odd signal than to decompose it by the circular shift method. The reason is that we are more familiar with the first one, by using and where is the original signal. 
where is the one-sided z-transform of the odd Ramanujan sums . Using the concept of shift property of one sided z-transform, we can obtain (22) where is given by [6] . As an example, the closed-form expressions for and are given by (23) and (24) IV. CONCLUSION In this letter, we have shown that a special class of odd periodic signals possess a DFT representation, with the imaginary integer-valued odd Ramanujan sums playing the role of the complex-valued roots of unity. In addition, combining this odd part with the even part [6] , one can get more dimensions. We have also derived an IIR system suitable for these odd signals.
APPENDIX
Proof of odd symmetry property of : We can use the facts that and and then rewrite (1) as shown in the equation at the top of the page.
